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Abstract 

In this paper we give explicit first order Lagrangian formulation for mixed symmetry 
tensor fields T[fiua],i3 ™d R[ij,u],[ai3]- We show that such Lagrangians could be 

written in a very suggestive form similar to the well known tetrad formalism in gravity. 
Such description could simplify the investigations of possible interactions for these 
fields. Some examples of interactions are given. 
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Introduction 



Last times there is a renewed interest in the mixed symmetry high spin tensor fields P]- 
[S]. The reason is that such fields naturally appear in a number of physically interesting 
theories such as superstrings, supergravities and (supersymmetric) high spin theories. One 
of the technical problems one faces working with such fields is that to get analog of gauge 
invariant "field strengths" one has to build expressions with more and more derivatives P|, 
[TU] . This problem appears already for the massless spin two field in gravity, but in this 
case there exist very elegant solution: one goes to the first order formalism and obtains 
the description in terms of tetrad e^" and Lorentz connection u;^'"^' which play the roles of 
the gauge fields and "normal" gauge invariant field strengths Ty^^-f" and having nice 

geometrical interpretation as torsion and curvature. 

In this paper we follow the same way for the three examples of massless mixed symmetry 
tensor fields ^[p,y\^a^ T[^^a],p and R[^iy],[ai3]- In all three cases we managed to construct first 
order formalism which is very much similar to the tetrad formalism in gravity and in which 
the Lagrangians take very simple and suggestive form. We hope that such formalism could 
simplify the investigation of possible interactions among such fields. Moreover, we give a 
couple of simple but interesting examples of such interactions. 

For completeness, we remind basic properties of the first order formalism in gravity 
which will be important for us throughout the paper. Usual second order formulation for 
the massless spin two field uses symmetric second rank tensor field with the Lagrangian: 

Co = ^d^h^-'d^h^, - (dhridh)^ + {dhYd^h - ^d'^hd^h (1) 

where (dh)'^ = d^h^^, h = h^^, which is invariant under the gauge transformations Sh^^, = 
d^^u + dyS,^. In this, there is no any gauge invariant expression with one derivative analogous 
to field strength in Yang- Mills theories and the Lagrangian can not be rewritten as expression 
quadratic in them. As is well known the simplest gauge invariant object is the tensor: 

Now, let us abandon the requirement that the field h^^ is symmetric. Instead, let us 
consider the most general second order Lagrangian and require that it will be invariant 
under the gauge transformations Sh^i, = d^^^. This time, it is a trivial task to construct 
gauge invariant object which is first order in derivatives: = d^j^hya — duh^a so that the 

most general gauge invariant Lagrangian could be written as: 

C = ^T^'^'^T^.,^ + y T^'^'^T^.,. + ^T^T, (2) 

where = Tfj_y'^. But in so doing we have introduced additional degrees of freedom, namely 
antisymmetric part of hf^iy. Let us decompose our field into symmetric and antisymmetric 
parts: h^u = /{^u} + • In terms of ff^u and 5^,^ our Lagrangian takes the form: 



1 - 2ai ^„ ^ ^ 1 - 6ai - 2a2 
4 

1 + 2ai + 2a2 



+^r^d^^B^^d,By^ \ ^dBYidB)^ - 



{dfY{dB), (3) 
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We see that in general there exists mixing between f^^, and 5^,^ components so to understand 
which physical degrees of freedom such Lagrangian describes one has to go through careful 
Hamiltonian analysis. But there exists at least one trivial solution ^: 2a2 = — (1 + 2ai) for 
which mixing term is absent and we get: 



_ l + 2ai 
2 

1 - 2ai 



[^^'B'^^^B,^ - 2{dBY{dB)^] (4) 

One can see that up to normalization we have a sum of two independent Lagrangians: usual 
gauge invariant Lagrangian for symmetric tensor as well as (also gauge invariant) Lagrangian 
for antisymmetric field. The well known tetrad formulation of gravity (i.e. massless spin 
two filed) corresponds to the choice ai = 1/2. In this, antisymmetric field Bf^^y completely 
decouples and does not introduce any additional physical degrees of freedom, while the 
Lagrangian has the form: 

C = ^T'^^'^T^.,. + ^T'^^'^T^a,. - (5) 
o 4 z 

It is easy to check that this Lagrangian is invariant not only under the gauge transformations 
Shf^i^ = d^^ui but under the local shifts h^y — > h^u+ilinv] as well^. This last invariance suggests 
the following procedure for transition from second order formalism to the first order one. 
One introduces auxiliary field which will play the role of gauge field for the local rj^y 

transformations. Then it is easy to construct the first order Lagrangian 

= + ^^'^^z. - \uj^'''^T^p,, - u;^T, (6) 

which is invariant under the gauge transformations Su^^a/s = d^rjap, Sh^i, = rj^^u as well as 
(trivially) under the Sh^j^u = d^^u- The algebraic equations of motion for the a;-field can be 
solved giving us: 

In this, substituting this expression into the first order Lagrangian (jH)) one obtains exactly 
the second order Lagrangian (0). 

Moreover, if we formally divide all indices into the "local" and "world" ones this La- 
grangian could be rewritten in a very simple and suggestive form: 

^I = l{ ^/^^.'^ - I { T) U^.'^'d^K^ (8) 

Here 

and so on. Such form points to the nice geometric interpretation of these fields we have 
already mentioned and greatly simplify understanding of the possible interactions. Indeed, 



^Note that in this the Lagrangian written in terms of " torsion" T^^^a belongs to one parameter family 
of so called teleparallel Lagrangians. 

^Clearly, this is a manifestation of iJ^j, decoupling 



2 



if one suppose that interaction Lagrangian has the same general form as the free one, then 
one easily, by the finite number of iterations can reproduce complete non-linear gravitational 
interactions. 

As it is evident from (jSJ this construction works for the space-time dimensions d > 3 
only. In the minimal dimension'^ d = 3 one can introduce dual variables: 

// = ^^'^'H.ftc, V"" = ^^'^Sc (9) 
and rewrite the Lagrangian in the following simple form: 

^ = { Z} + e^^'-U'd^h^'' (10) 

in this, gauge transformations look like: 

Then one can introduces rather exotic interaction [TP by adding to the Lagrangian and 
gauge transformations additional terms: 

C-int = —^^^'^^abcfu."'fu fa = abcfa"'V'^ (H) 

D 

where k — arbitrary constant having dimension m~^. Note that in the first order formalism 
such a model looks very simple, but if one tries to solve algebraic equation of motion for the 
/-field, one obtains essentially non-linear theory with infinite number of derivatives. 

In the following three sections we consider generalization of this approach for massless 
mixed symmetry tensor fields T^^uaifB and -R[H,[a/3]- 

1 %u],a tensor 

Usual second order formulation for this field uses the tensor satisfying additional con- 

dition ^[pu,a] = 0. In this, the free Lagrangian is invariant under two gauge transformations: 

dfj^XuQ, di,x^Q, -\- '2'0(^y^u d^y^Q. -\- d^y^o^ 

where is symmetric while Vifiv] antisymmetric. As in the spin two case to construct a 

gauge invariant object one needs at least two derivatives. Let us abandon additional condition 
^[^lv,a\ = and simultaneously join two gauge transformations into: 5^^y^oi = ^^lZva — dyZ^^ 
where z^j^u is arbitrary second rank tensor [T2], [IHl- Then it is easy to get gauge invariant 
field strength with one derivative: 

Let us consider the most general second order free Lagrangian invariant under the z^^- 
transformations: 

C = -^T'^'"'^%,a,i3 + ^T'^^^'^T^.Aa + jT'^^T^. (12) 
■^there are no physical degrees of freedom in this case 
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In discarding additional condition $[^jy,a] = we introduce additional degrees of freedom 
into the theory, so to understand what physical degrees of freedom such a model describes 
we decompose our field ^^.^^^ = ^^lu,a + C^^^a, where ^inu,a] = and Ci^^a] — completely 
antisymmetric tensor. In terms of these components the Lagrangian takes the form: 

+^^^f^d^^-^''^{dCU (13) 

Once again we see that there is a mixing of two components so to understand what degrees 
of freedom such theory describes and how physical they are one needs to go through careful 
analysis. But there is one evident solution, namely, 02 = 2 — ai. In this, the Lagrangian 
becomes a sum of two independent Lagrangians for the fields ^^u^a and C^i^a- Such a theory 
could be of some interest, especially in d = 4 where ^fj,u,a does not describe any physical 
degrees of freedom, while C^^a is equivalent to the vector field. Following the tetrad formu- 
lation of gravity in this paper we will adopt the most conservative approach "one field — 
one object" and we will choose Oi = —1, 02 = 3. Then it is easy to check that the resulting 
Lagrangian 

jr ^ _ly/.va,/3y^^^^^ _ 1t^-,/3t^^^^^ + ^T^-T^, (14) 

is invariant not only under the 2;-transformations, but under the local shifts S^^i,,a — VltJ.ua] 
as well. This, in turn, suggests the following procedure for transition to first order formalism. 
One introduces auxiliary field fi^,[uai3] antisymmetric in the last three indices which will play 
a role of gauge field for the 77-transformations. Then it is easy to construct a first order 
Lagrangian 

C = ^Q'^'^^^^Q,,^,^ - ^n^^Qap - l^'^'^'^^nafs,, + l^^'^T^p (15) 
invariant both under the S^^^^a = dfj,z,^a — dyZ^ and 

= 9^77^°^ = ?7m.« (16) 

Now, if we solve the algebraic equation of motion for the VL field, we get: 

2 1 

Substituting this expression back into the first order Lagrangian gives us exactly the second 
order one. Moreover, if we formally divide all indices into the "local" and "world" ones, then 
this Lagrangian could also be rewritten in a very simple and suggestive form: 

^--U r/} m.'^'^n^'^fs^'^Sp' - ^Q/^Xa/] (18) 
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As we see from the last formula the whole construction works for the space-time dimen- 
sions d > 4 only. In d = 4 (where $^i/,a does not describe any physical degrees of freedom) 
one can introduce dual variables: 

fa ^ ^abcdr) bed „a ^abcd^ 

Jn = g£ ' V ^ g£ Vbcd 

Then the first order Lagrangian could be rewritten in the following form: 
in this, the gauge transformations look like: 

By analogy with the c? = 3 case for gravity one can easily construct an example of (rather 
exotic) interaction by adding to the Lagrangian and to the gauge transformation laws addi- 
tional terms: 

Computing the commutator of two r^-transformations we get: 

SO that the whole algebra of z and ?7-transformations closes. 

We can proceed and consider next order interaction by introducing quartic terms to the 
Lagrangian and quadratic ones to the gauge transformation laws: 

A£ = -^£/^-/'£„,,,///,Va7/ <^^aAc = K^foTU'eabcdT]' (21) 

In this, we obtain additional terms for the commutator of two ?7-transformations: 

62]^al3,c = l^2d[aZ/3]c - l^2d[af(3feabcdVl''V2'^ (22) 

where Zf^^ = fp''£abcd'ni''V2'^- 

By adjusting the values of two arbitrary coupling constants k, and k,2 and adding necessary 
linear terms to the Lagrangian the whole model could be written in the formally covariant 
form: 

f ^avo-Pi ^ ^ Tparpbrpcrpd rp arp al ^'OQ^ 
i- — S [—^abcd-t^iJ. -C/a — ^/j, J- uaP \ [^<>) 

where En"- = d^"" + Kf^"". This Lagrangian is invariant under the following local gauge 
transformations: 

= a^77«, 6^a(3,c = dlaZf3]c + ^E^'^Ep'SabcdV'' (24) 

the commutator of two r^-transformations having the form: 

[^1, ^2]*a/3,c = ^d[aZp]c - ]^d[aE jj] £ abcd-ni" 112^ (25) 

and Zj3c = Efs''eabcdVi"'V2'^- 
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2 T^val(3 tensor 

Our next example — mixed tensor Tnya,i3 antisymmetric on first three indices. This case is 
very much similar to the previous one so we will be brief. Usual description uses this tensor 
with additional condition T^^ya,i3] = and two gauge transformations with parameters X[^lv],a 
such that X[^i/,a] = and r]\^^va]- In this, to construct minimal gauge invariant expression 
one needs at least two derivatives. Let us abandon additional condition T]^^^a,i3\ = and 
simultaneously combine to gauge transformation into unconstrained one: 

STij_ua,l3 = d\)xXva\,l3 (26) 

Then it is trivial task to construct gauge invariant object of the first order: 

Now if we consider the most general (gauge invariant) Lagrangian quadratic in £^-tensor and 
require that this Lagrangian be invariant under the local shifts 5Tfj,^ce,i3 — Vp-ua/s we obtain: 

C = ^E'^'^'^^'fE^,^^,, + ^E^^'^P^PE,,^,,p - '^E^^^E^,^ (27) 

Let us make a transition to the first order formalism. First of all we introduce auxiliary 
field il|U,[;/a/3p] antisymmetric on the last four indices which will play the role of gauge field 
for the 77-transformations. Then we construct a first order Lagrangian 

2 2 1 4 

which is invariant not only under the ^-transformations (), but also under 

If one solves the algebraic equation of motion for the Q field one get 

3 1 

^p,IJ,vaP — ~^E^yafi^p — —Ep[j^af3,iJ,] (29) 

In this, substitution of this expression back into the first order Lagrangian () results exactly 
in the second order Lagrangian (). As in the previous case by dividing all indices into the 
"local" and "world" ones the first order Lagrangian () could be rewritten in the simple and 
convenient form: 



/ Q acder) bcde }_ / ni^a/S'f} q abed rp e 

L a6 / ^ V \ abode J ' V ^i^a/S-y 



(30) 



This time our construction works for the space-time dimensions d > 5 only. In the 
minimal d — 5 case one can introduce dual variables: 

fa -abcder) bcde ^ -abede^ /'Q1^ 

^ 24 ' 24 ' 
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Then the Lagrangian takes the form: 

>C = ^ { - ^^'^'^"^V/i^.a/JT'^ (32) 

while the gauge transformations leaving it invariant look like: 

It is not hard to give an example of interaction for this case by adding to the Lagrangian 
and gauge transformation laws new terms: 

^1 — l^i abc} ffJ.'^ff^fa'^^ ^iTag^^a = K,£abc[apf-f]'v'^ (33) 

Again this Lagrangian looks very simple in the first order formalism, but it corresponds to 
highly non-linear second order Lagrangian with non limited number of derivatives. 



3 ^[H,M tensor 

In this section we consider more interesting and less evident example — tensor R[fiu],[ai3]- 
Usual description is based on the tensor with constraint Rij,[u,ai3] — and gauge trans- 
formations with a parameter XtJ..[ai3] also constrained by X[M,a/3] ~ 0- abandon both 
constraints and consider arbitrary R[^u],[ai3] tensor with gauge transformations 5R^j^^af3 = 
dfj.Xu,ap — duXii,aii-i whcrc XiJ.,ai3 antisymmetric on the last two indices. Then it is trivial to 
get gauge invariant "field strength": 

Now we consider the most general Lagrangian quadratic in 7)j,/a,/37 and require that it has 
to be invariant under the local shifts: 



where 77ju,i/a/3 antisymmetric on the last three indices. We obtain: 

_3yM-,„y^^^^ - ST'^'^'^T,^,, + (34) 

To make a transition to first order formalism we introduce auxiliary field flif_tu],iap-y] anti- 
symmetric on the first two as well as last three indices which will play a role of gauge field 
for the ry-transformations. The following first order Lagrangian: 

3 3 

+n'"'''"'^T^p^,^, + 6f^'^'^°T,„,^ + 30'^T^ (35) 
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is invariant not only (by construction) under the local transformations, but under the 
local transformations 

^^fMu,al3y — ^/i^i/,a/37 ^1/^/^,0/37 ^FtiJiv,aj3 — Vf^jUa/S Vi'jf^a/S 

as well. By solving algebraic equation of motion for the ^2 field one obtains: 

^IJ,v,al3j = -^aPy^iiv + g [7)i/37,ai/ " T^P'r,an + («, P, T)] + -^[Tnua,^^ + («, P, T)] (36) 

Substituting this expression back into the first order Lagrangian one reproduces exactly the 
second order Lagrangian. 

As in all previously considered cases if we divide all indices into the "local" and "world" 
ones it is possible to rewrite our Lagrangian in the following form: 

Z' '-' f ni^aPX /-) abeo cde , f /if a/37 \ o abcrp de (Q'7\ 

8 I "^'C'^ J "'^ 12 "'^"''■^ > '^'^ ^^"^ ^ ^ 

This time our construction also works for the space-time dimensions d > 5 only. 

Conclusion 

Thus we have managed to construct first order formalism for the three examples of mixed 
symmetry high spin fields. In all three cases the formulation is very much similar to the 
usual tetrad formalism in gravity so that the Lagrangians have very simple and suggestive 
form and gauge invariance is almost evident. We hope that such formalism could be useful 
in investigations of possible interactions for such fields. 
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